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Abstract
A variation on the well-known graceful labelling problem for graphs is that of ,nding an
ordered graceful labelling. A graceful labelling f :V (T ) → {1; 2; : : : ; n} of a tree T of order
n is called ordered graceful if, when the edges of the tree are oriented from the endvertex
with larger label to the endvertex with smaller label, then every vertex has either indegree 0
or outdegree 0. In this study, we consider a technique for obtaining ordered graceful labellings
of a 2-star T of order n and central vertex r, motivated by a conjecture of Cahit (Bull. ICA
12 (1994) 15–18) that just two non-equivalent ordered graceful labellings f of T are possible
when n= 6s+ 1 or 6s+ 3 with f(r) = 1, and just two are possible when n= 6s+ 3 or 6s+ 5
with f(r) = 2. We show this conjecture is false when s¿ 1 by constructing 2s non-equivalent
ordered graceful labellings in each of these cases. We use a link with Skolem sequences to aid
some of the constructions. c© 2001 Elsevier Science B.V. All rights reserved.
1. Introduction
The problem of ,nding a graceful labelling of the vertices of a graph was introduced
by Rosa [9] in a seminal paper in the mid-1960s and has since attracted much attention.
The problem is simple to state. Suppose that G is a graph with q edges. A graceful
labelling of G is an injection f :V (G) → {1; 2; : : : ; q + 1} such that when the edge
uv is assigned the label |f(u) − f(v)|, the set of induced edge labels is {1; 2; : : : ; q}.
A graph that admits a graceful labelling is called graceful. In [9], Rosa shows that if
all trees are graceful, then the so-called Ringel–Kotzig conjecture [8] is true. He also
establishes that certain in,nite families of trees are graceful. One such family is the
2-stars, the trees obtained from the stars K1;m by replacing each edge by a path of
length 2.
Over the intervening years, a number of variations on graceful labelling have been
proposed (see [5] for a comprehensive survey). In this paper, we shall consider one
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such variation, introduced by Cahit [2,3] in 1980. A graceful labelling of a tree T is
called ordered graceful (or solid graceful) if, when the edges of the tree are oriented
from the endvertex with larger label to the endvertex with smaller label, then every
vertex has either indegree 0 or outdegree 0.
Let T be 2-star of order n and central vertex r. In [4], Cahit conjectures that just
two non-equivalent ordered graceful labellings f of T are possible when n = 6s + 1
or 6s + 3 with f(r) = 1, and just two are possible when n = 6s + 3 or 6s + 5 with
f(r)=2. In this paper, we show this conjecture is false when s¿ 1, by constructing 2s
non-equivalent ordered graceful labellings in each of these cases. In fact, the labellings
with f(r)= 2 can easily be obtained from those with f(r)= 1, and so we concentrate
our discussion on the ,rst two cases.
In Section 2, we show how the problem can be posed in terms of ,nding a bipartition
(A; B) of the integers 2; 3; : : : ; n such that |A|=|B| and the numbers in the subset B have
a given sum. This enables us to determine all possible bipartitions (A; B) for given n
and search for solutions using a diHerence table with rows indexed by the elements of
A and columns indexed by the elements of B. When the sets A and B are also related
by the condition that A = {n + 2 − b: b ∈ B}, this diHerence table is symmetric. We
show that in this case, if it is also possible to partition the set B (in the case n=6s+1)
into triples with constant sum, then this symmetry can be used to build a set of 2s
solutions to the labelling problem. With slight modi,cation, the same method can also
be applied to produce 2s solutions in the case when n= 6s+ 3.
In Section 3, we show that the problem of ,nding a partition of the set B into
triples with constant sum can be related to a problem of Skolem [10]. In fact, Skolem
sequences have been used several times to obtain graceful labellings of certain graphs
(see [1,6], for example) or as a guide to extending the notion of graceful labelling
[7]. In this paper, we show that each solution to the Skolem sequence problem for a
sequence of order s= 4k or 4k + 1 gives 2s ordered graceful labellings of a 2-star of
order 6s+1. The construction shows that the ordered graceful labellings we obtain are
non-equivalent.
2. Preliminary results
Let T0 be the star K1;m, with central vertex r and leaves {v1; v2; : : : ; vm}. Let T
be the 2-star obtained from T0 by subdividing each of the edges rvi with a vertex
ui; i = 1; 2; : : : ; m: Let LV = {1; 2; : : : ; 2m + 1} denote the set of vertex labels and
let f :V (T ) → LV denote an ordered graceful labelling (ogl) of T in which, for
i = 1; 2; : : : ; m, we have
f(ui)¿f(r) and f(ui)¿f(vi):
Let LE denote the set of induced edge labels {1; 2; : : : ; 2m}.
Lemma 1. Suppose there exists an ordered graceful labelling f of T with f(r) = 1.
Then
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(i)
∑m
i=1 f(ui) = m(4m+ 5)=3;
(ii)
∑m
i=1 f(vi) = 2m(m+ 2)=3;
(iii) m= 3s or 3s− 2; for s¿1.
Proof: Summing the labels on the vertices of V − {r}, gives
m∑
i=1
f(ui) +
m∑
i=1
f(vi) = m(2m+ 3): (1)
Summing the induced labels on the edges, gives
m∑
i=1
(f(ui)− 1) +
m∑
i=1
(f(ui)− f(vi)) = m(2m+ 1); (2)
and the lemma follows immediately from (1) and (2).
The following result is observed in [4].
Lemma 2. Let T be a 2-star with central vertex r and order n; where n = 6s + 1
or 6s − 3. Let T ′ be the 2-star of order n + 2 obtained from T by adding the path
run+1vn+1. Then there exists a bijection from the set of ordered graceful labellings
{f} of T with f(r) = 1 to the set of ordered graceful labellings {g} of T ′ with
g(r) = 2.
Proof: Let f be an ogl of T with f(r) = 1. De,ne a labelling g of the vertices of T ′
by g : V (T ′) → {1; 2; : : : ; n+ 2}, where
g(x) =


n+ 2 if x = un+1;
1 if x = vn+1;
f(x) + 1 otherwise:
Then it is easily seen that g is an ogl of T ′ with g(r) = 2 and that the construction is
reversible, establishing the desired bijection.
Corollary 3. The number of ordered graceful labellings g of a 2-star T ′ of order
n = 6s − 1 or 6s + 3 with g(r) = 2 is equal; respectively; to the number of ordered
graceful labellings f of a 2-star T of order n= 6s− 3 or 6s+ 1 with f(r) = 1.
In view of Corollary 3, we shall assume from now on that T is a 2-star of order
n=6s+1 or 6s−3 and that f is an ogl of T with f(r)=1. Let L∗V ={2; 3; : : : ; 2m+1},
where n= 2m+ 1. A useful observation in this case is that
LE = {j − 1: j ∈ L∗V}
= {f(ui)− 1: i = 1; 2; : : : ; m} ∪ {f(vi)− 1: i = 1; 2; : : : ; m}:
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Now {f(ui) − 1: 16i6m} is just the set of edge labels induced on the edge set
{rui: 16i6m}. Thus, the set of labels induced on the edge set {uivi: 16i6m} is
precisely the set {f(vi)− 1: 16i6m}.
It follows that an approach to constructing all ogls f of T is to ,rst ,nd all bipar-
titions (A; B) of the set L∗V = {2; 3; : : : ; 2m+1}, where m=3s or 3s− 2, satisfying the
following conditions:
P1: |A|= |B|= m;
P2:
∑
b∈B b= 2m(m+ 2)=3.
The preceding discussion is summarized in the following lemma.
Lemma 4. Let (A; B) be a bipartition of the set L∗V ; satisfying conditions P1 and P2.
Then there exists an ordered graceful labelling f of T with f(r) = 1 if and only if
we can pair each element a ∈ A with a distinct element b ∈ B so that the set of
di=erences a− b of the ordered pairs (a; b); is precisely the set {b− 1: b ∈ B}.
Clearly, we need consider only those bipartitions for which 2 ∈ B and 2m+ 1 ∈ A.
More generally, for any given positive integer j, let jA; jB be the number of elements
of A; B, respectively, that are less than j. Then the bipartition (A; B) can only give
a solution if jB¿jA, for all j. We can also eliminate bipartitions for which 2m ∈ B,
since this forces the pairing (2m+1; 2m) and also the pairing (2m+1; 2) (to give the
edge label 2m− 1) and hence yields no solution.
The 22 bipartitions satisfying these conditions when m67, with the number of pair-
ings that yield solutions (found by computer search), are given in Table 1. It is in-
teresting to note that for 26m67, each of these bipartitions yields multiple solutions.
We found a total of 1044 solutions for the case when m=9. In this paper, we describe
a method of constructing just a small subclass of these, where the partition satis,es
some additional properties.
For any positive integer m, let (A; B) be a bipartition satisfying the conditions P1
and P2 and let n = 2m + 1. Let KB = {n + 2 − a: a ∈ A} and let KA = L∗V − KB. Clearly,
the bipartition ( KA; KB) satis,es P1, and from Eq. (1) it also satis,es P2. We call ( KA; KB)
the complementary bipartition of (A; B). It is easily seen that the complementary bi-
partition of ( KA; KB) is (A; B), so that we can speak of a pair of bipartitions as being
complementary. Thus, for example, bipartitions #3 and #4, #6 and #10, #7 and #9 in
Table 1 are complementary pairs. Each of the bipartitions #1, #2, #8 and #18 (starred
in the table) has the property that it is its own complement. We shall call a bipartition
(A; B) self-complementary if A= {n+ 2− b: b ∈ B}.
Suppose that (A; B) is a self-complementary bipartition with A= {ai: i=1; 2; : : : ; m};
B={bi: i=1; 2; : : : ; m}, where n=2m+1 and ai=n+2−bi. Then the pairings (ai; bj),
where i = j, possess the following symmetry:
ai − bj = n+ 2− bi − bj = aj − bi:
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Table 1
No. m
∑
b∈B b B A No. Solutions
1∗ 1 2 2 3 1
2∗ 3 10 2,3,5 4,6,7 2
3 4 16 2,3,5,6 4,7,8,9 2
4 2,3,4,7 5,6,8,9 2
5 6 32 2,4,5,6,7,8 3,9,10,11,12,13 6
6 2,3,5,6,7,9 4,8,10,11,12,13 4
7 2,3,4,6,8,9 5,7,10,11,12,13 4
8∗ 2,3,4,6,7,10 5,8,9,11,12,13 10
9 2,3,4,5,8,10 6,7,9,11,12,13 4
10 2,3,4,5,7,11 6,8,9,10,12,13 4
11 7 42 2,4,5,6,7,8,10 3,9,11,12,13,14,15 10
12 2,3,5,6,7,9,10 4,8,11,12,13,14,15 8
13 2,3,4,6,8,9,10 5,7,11,12,13,14,15 4
14 2,3,5,6,7,8,11 4,9,10,12,13,14,15 4
15 2,3,4,6,7,9,11 5,8,10,12,13,14,15 4
16 2,3,4,5,8,9,11 6,7,10,12,13,14,15 4
17 2,3,4,5,7,10,11 6,8,9,12,13,14,15 4
18∗ 2,3,4,6,7,8,12 5,9,10,11,13,14,15 10
19 2,3,4,5,7,9,12 6,8,10,11,13,14,15 12
20 2,3,4,5,6,10,12 7,8,9,11,13,14,15 8
21 2,3,4,5,7,8,13 6,9,10,11,12,14,15 4
22 2,3,4,5,6,9,13 7,8,10,11,12,14,15 4
Lemma 5. Let (A; B) be a self-complementary bipartition of {2; 3; : : : ; n}; where either
(i) n= 6s+ 1; and the elements of B can be partitioned into s triples such that the
sum of each triple is n+ 3; or
(ii) n=6s− 3; 2s ∈ B and the remaining elements of B can be partitioned into s− 1
triples such that the sum of each triple is n+ 3.
Then the number of distinct ordered graceful labelling of the 2-star of order n with
f(r) = 1 is at least 2s in case (i) and at least 2s−1 in case (ii):
Proof: Let Bi = {bij: j = 1; 2; 3} be a sets of triples in B in case (i) with 16i6s, or
in B − {2s} in case (ii) with 16i6s − 1, such that bi1 + bi2 + bi3 = n + 3. De,ne
aij=n+2−bij; j=1; 2; 3. Consider the set of pairings (ai1; bi2); (ai2; bi3) and (ai3; bi1).
The diHerence given by the pair (ai1; bi2) is
ai1 − bi2 = n+ 2− bi1 − bi2 = bi3 − 1:
Thus these three pairs give the set of diHerences {bi1 − 1; bi2 − 1; bi3 − 1}:
However, the pairings (ai1; bi3); (ai2; bi1) and (ai3; bi2) yield precisely the same set
of diHerences. Hence we may obtain these three diHerences by choosing either the ,rst
set of pairings or the second set independently for each i, giving in all 2s diHerent
pairings in case (i) and 2s−1 in case (ii). The totality of the diHerences so obtained
by any one of these pairings, together with the pair (4s− 1; 2s) in case (ii), is the set
{b− 1: b ∈ B} and the result follows by Lemma 4.
188 R.J. Nowakowski, C.A. Whitehead /Discrete Mathematics 233 (2001) 183–191
3. Partitions into triples
It is easily seen that when n¿13, a self-complementary bipartition (A; B) of
{2; 3; : : : ; n} exists for all n = 6s + 1 or 6s − 3 and that the number of such bipar-
titions increases with n. However, it is less easy to ,nd directly a general expression
for the set B that can be partitioned into triples satisfying Lemma 5. Instead we adopt
an indirect approach.
We note that Skolem [10] has asked the question:
When is it possible to partition the integers 1; 2; : : : ; 2s into pairs (pi; qi); i =
1; 2; : : : ; s, so that for each i; pi − qi = i?
In the case when n = 6s + 1, such a pairing (pi; qi)si=1 gives rise to a partition of
the set {2; 3; : : : ; 3s+1} into triples (xi; yi; zi) satisfying xi ¡yi and xi + yi = zi +1 by
putting
xi = i + 1; yi = qi + s; zi = pi + s:
We describe below how solutions to Skolem’s problem can be used to construct the
triples we require for the cases when n=6s+1 and s=4k or 4k +1. Solutions to the
remaining cases can be obtained by modifying these.
Let S denote the set {2; 3; : : : ; 3s + 1} in the case when n = 6s + 1 and let S =
{2; 3; : : : ; 3s− 1} − {2s} in the case when n= 6s− 3. We seek ,rst to partition S into
triples (xi; yi; zi); i=1; 2; : : : ; s, with xi ¡yi, such that for each i, either xi+yi= zi+1
(type 1 triples) or xi + yi + zi = n+ 3 (type 2 triples).
Suppose such a partition into triples exists. Then for each triple (xi; yi; zi) put bi1 =
xi; bi2=yi; put bi3=n+2−zi when (xi; yi; zi) is type 1, and put bi3=zi when (xi; yi; zi)
is of type 2; in all cases, put aij = n+ 2− bij; j = 1; 2; 3:
The sets A and B are then found as follows. Let Ai = {ai1; ai2; ai3} and Bi =
{bi1; bi2; bi3}. Then in the case when n = 6s + 1, let A =
⋃s
i=1 Ai and let B =
⋃s
i=1 Bi.
In the case when n= 6s− 3, let A=⋃s−1i=1 Ai ∪ {4s− 1} and let B=
⋃s−1
i=1 Bi ∪ {2s}.
It is easy to verify that for each i, the six integers in the set Ai ∪ Bi are distinct and
that (Ai ∪ Bi) ∩ (Aj ∪ Bj)= ∅ if i = j. Thus (A; B) is a self-complementary bipartition
of S. Further, for each i, the elements of Bi sum to n + 3, and so by Lemma 5
the existence of this bipartition (A; B) would imply that the number of ordered grace-
ful labellings of the 2-star of order 6s + 1 is at least 2s and of order 6s − 3 is at
least 2s−1.
It is not always possible to ,nd a partition of the set S such that all triples are
of type 1. For, suppose that such a partition exists in the case when n = 6s + 1. Let
X =
∑s
i=1 xi, Y =
∑s
i=1 yi and Z =
∑s
i=1 zi. Then we have
X + Y = Z + s and X + Y + Z = 9s(s+ 1)=2:
These equations give Z= s(9s+7)=4, and since Z must be an integer, this implies that
s=4k or 4k +1. In the cases where s=4k +2 or 4k +3, we use s− 1 triples of type
1 and one triple of type 2. A similar analysis in the case when n= 6s− 3 shows that
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Table 2
The case: n = 6s + 1 and s = 4k
xi yi zi Bi i
3 + 2i 10k − i 10k + 2 + i 3 + 2i; 10k − i; 14k + 1− i 06i62k − 1 k¿1
2 5k + 1 5k + 2 2; 5k + 1; 19k + 1 k¿1
4 + 2i 6k − i 6k + 3 + i 4 + 2i; 6k − i; 18k − i 06i6k − 3 k¿3
2k 6k + 1 8k 2k; 6k + 1; 16k + 3 k¿2
2k + 2 + 2i 5k − i 7k + 1 + i 2k + 2 + 2i; 5k − i; 17k + 2− i 06i6k − 2 k¿2
4k 6k + 2 10k + 1 4k; 6k + 2; 14k + 2 k¿1
Table 3
The case: n = 6s + 1 and s = 4k + 1
xi yi zi Bi i
3 + 2i 10k + 3− i 10k + 5 + i 3 + 2i; 10k + 3− i; 14k + 4− i 06i62k − 1 k¿2
2 5k + 3 5k + 4 2; 5k + 3; 19k + 5 k¿2
4 + 2i 6k + 2− i 6k + 5 + i 4 + 2i; 6k + 2− i; 18k + 4− i 06i6k − 3 k¿3
2k 6k + 4 8k + 3 2k; 6k + 4; 16k + 6 k¿2
2k + 2 + 2i 5k + 2− i 7k + 3 + i 2k + 2 + 2i; 5k + 2− i; 17k + 6− i 06i6k − 1 k¿2
4k + 2 6k + 3 10k + 4 4k + 2; 6k + 3; 14k + 5 k¿2
Table 4
The case: n = 6s + 1 and s = 4k + 2
xi yi zi Bi i
3 + 2i 10k + 6− i 10k + 8 + i 3 + 2i; 10k + 6− i; 14k + 7− i 06i62k − 1 k¿1
2 5k + 3 5k + 4 2; 5k + 3; 19k + 11 k¿1
4 + 2i 6k + 3− i 6k + 6 + i 4 + 2i; 6k + 3− i; 18k + 9− i 06i6k − 2 k¿2
2k + 2 6k + 5 8k + 6 2k + 2; 6k + 5; 16k + 9 k¿1
2k + 4 + 2i 5k + 2− i 7k + 5 + i 2k + 4 + 2i; 5k + 2− i; 17k + 10− i 06i6k − 1 k¿1
6k + 4 8k + 5 10k + 7 6k + 4; 8k + 5; 10k + 7 k¿1
Table 5
The case: n = 6s + 1 and s = 4k + 3
xi yi zi Bi i
2 + 2i 10k + 8− i 10k + 9 + i 2 + 2i; 10k + 8− i; 14k + 12− i 06i62k k¿0
3 + 2i 6k + 5− i 6k + 7 + i 3 + 2i; 6k + 5− i; 18k + 14− i 06i6k − 1 k¿1
2k + 3 4k + 4 6k + 6 2k + 3; 4k + 4; 18k + 15 k¿0
2k + 5 + 2i 5k + 4− i 7k + 8 + i 2k + 5 + 2i; 5k + 4− i; 17k + 13− i 06i6k − 1 k¿1
5k + 5 7k + 7 12k + 10 5k + 5; 7k + 7; 12k + 10 k¿0
a partition of S into s− 1 triples of type 1 also exists only when s= 4k or 4k + 1. In
the cases when s= 4k + 2 or 4k + 3, we use s− 2 triples of type 1 and one triple of
type 2.
In Tables 2–9, we exhibit a general solution for the partition of S into triples
(xi; yi; zi) satisfying the required conditions, together with the corresponding sets Bi,
for n = 6s + 1 and 6s − 3 in each of the four cases for s(mod 4). In the cases where
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Table 6
The case: n = 6s− 3 and s = 4k
xi yi zi Bi i
3 + 2i 10k − 1− i 10k + 1 + i 3 + 2i; 10k − 1− i; 14k − 2− i 06i62k − 2 k¿1
2 5k 5k + 1 2; 5k; 19k − 2 k¿1
4 + 2i 6k − 1− i 6k + 2 + i 4 + 2i; 6k − 1− i; 18k − 3− i 06i6k − 3 k¿3
2k 6k 8k − 1 2k; 6k; 16k k¿2
2k + 2 + 2i 5k − 1− i 7k + i 2k + 2 + 2i; 5k − 1− i; 17k − 1− i 06i6k − 2 k¿2
4k 6k + 1 10k 4k; 6k + 1; 14k − 1 k¿1
Table 7
The case: n = 6s− 3 and s = 4k + 1
xi yi zi Bi i
3 + 2i 10k + 2− i 10k + 4 + i 3 + 2i; 10k + 2− i; 14k + 1− i 06i62k − 2 k¿1
2 5k + 1 5k + 2 2; 5k + 1; 19k + 3 k¿1
4 + 2i 6k + 1− i 6k + 4 + i 4 + 2i; 6k + 1− i; 18k + 1− i 06i6k − 2 k¿2
2k + 2 6k + 2 8k + 3 2k + 2; 6k + 2; 16k + 2 k¿1
2k + 4 + 2i 5k − i 7k + 3 + i 2k + 4 + 2i; 5k − i; 17k + 2− i 06i6k − 2 k¿2
4k + 1 6k + 3 10k + 3 4k + 1; 6k + 3; 14k + 2 k¿1
Table 8
The case: n = 6s− 3 and s = 4k + 2
xi yi zi Bi i
3 + 2i 10k + 4− i 10k + 6 + i 3 + 2i; 10k + 4− i; 14k + 5− i 06i62k − 1 k¿1
2 5k + 2 5k + 3 2; 5k + 2; 19k + 8 k¿1
4 + 2i 6k + 2− i 6k + 5 + i 4 + 2i; 6k + 2− i; 18k + 6− i 06i6k − 2 k¿2
2k + 2 4k + 2 6k + 3 2k + 2; 4k + 2; 18k + 8 k¿1
2k + 4 + 2i 5k + 1− i 7k + 4 + i 2k + 4 + 2i; 5k + 1− i; 17k + 7− i 06i6k − 2 k¿2
6k + 4 8k + 3 10k + 5 6k + 4; 8k + 3; 10k + 5 k¿1
Table 9
The case: n = 6s− 3 and s = 4k + 3
xi yi zi Bi i
3 + 2i 10k + 7− i 10k + 9 + i 3 + 2i; 10k + 7− i; 14k + 8− i 06i62k − 1 k¿1
2 5k + 2 5k + 3 2; 5k + 2; 19k + 14 k¿1
4 + 2i 6k + 3− i 6k + 6 + i 4 + 2i; 6k + 3− i; 18k + 11− i 06i6k − 1 k¿1
2k + 4 6k + 4 8k + 7 2k + 4; 6k + 4; 16k + 10 k¿1
2k + 6 + 2i 5k + 1− i 7k + 6 + i 2k + 6 + 2i; 5k + 1− i; 17k + 11− i 06i6k − 2 k¿2
6k + 5 8k + 5 10k + 8 6k + 5; 8k + 5; 10k + 8 k¿1
s=4k+2 or 4k+3, the single triple of type 2 occurs as the last entry in the respective
tables.
There are just a few small values of n not covered by these tables. For n= 6s+ 1,
these are when s = 1; 2; 5. When s = 5, the triples (xi; yi; zi); i = 1; 2; : : : ; 5, are given
by (3; 13; 15); (5; 12; 16); (4; 6; 9); (2; 10; 11); (7; 8; 14), from which the corresponding
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sets Bi can be calculated. The case when s= 2 is bipartition #8 in Table 1; the set B
can be partitioned into B1 ={2; 4; 10}, B2 ={3; 6; 7}. The case when s=1 is bipartition
#2 in Table 1.
For n=6s− 3, the remaining cases are when s=1; 2; 3. The case s=3 is bipartition
#18 in Table 1, with B = {2; 3; 4; 6; 7; 8; 12}. The special pair is (11; 6), and B −
{6} can be partitioned into the triples B1 = {2; 4; 12} and B2 = {3; 7; 8}. There is no
self-complementary bipartition when n=6s−3 and s=2. However, each of the possible
bipartitions (A; B) given for this case in Table 1 yields two solutions: for example, from
the bipartition with B= {2; 3; 5; 6}, we obtain the pairings (7; 2); (4; 3); (8; 6); (9; 5) and
(4; 2); (8; 3); (7; 6); (9; 5). The case when s= 1 is bipartition #1 in Table 1.
Taken with Corollary 3, the discussion above establishes our main result.
Theorem 6. Let T be a 2-star of order n¿3 with central vertex r; and let
s = n=6. Then there are at least 2s non-equivalent ordered graceful labellings
f of T when n = 6s + 1 or 6s + 3 with f(r) = 1 and when n = 6s + 3 and 6s + 5
with f(r) = 2.
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